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Abstract
The realistic simulation of the behavioral mechanisms of Fiber Reinforced Composites poses a computa-
tional and implementation challenge to available Finite Element Methods (FEMs). Meshing a large number
of arbitrarily distributed bers in three dimensions and modeling damage mechanisms, while simultaneously
accounting for multi-scale interactions would undermine the feasibility of available FEM for such models.
This research project formulates and implements a multi-scale Generalized Finite Element Method
(GFEM) using global-local enrichment functions (GFEMgl) to overcome these limitations. The method-
ology is veried by comparing the solution to specic linear elastic problems obtained by using GFEMgl
against solutions from the traditional FEM approach. In addition, these examples accentuate the limita-
tions of the usage of FEM to solve them. The GFEMgl is nally applied to a key concept in the design of
advanced composite materials, namely Crack-Bridging, to demonstrate its versatility.
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Chapter 1
Introduction
1.1 Motivation
The role of bers in Fiber Reinforced Composites varies from increasing strength, stiness or ductility
to resisting the eects of fatigue and high temperature. These multi-scale eects are directly inuenced
by their position, orientation and distribution in the material. In particular, durable, high-temperature
thermo-structural Ceramic Matrix Composites (CMCs) [11] nd application in power generation systems,
rockets, and recently, hypersonic missiles and ight vehicles. Current design of composite structures relies on
physical testing of components to establish the eects of their micro-structure on structural behavior. This
leads to prohibitively high costs and protracted design processes [13]. The use of multi-scale simulations
would signicantly reduce these costs, improve the understanding of, and model failure mechanisms of such
composites.
The mathematical homogenization theory [7, 14] has been extensively used to derive the mechanical
properties of such materials assuming spatial periodicity of the distribution of the bers in a sample of the
material. Though these assumptions are useful in predicting the onset of damage, they cannot accurately
simulate damage mechanisms. Additionally, the uniformity assumption is not valid in regions where the
macroscopic elds vary considerably. These regions include free edges, interfaces, material discontinuities
such as cracks, and regions of evolving microscopic damage and instability.
The realistic simulation of damage evolution and multi-scale interactions in composite materials using
traditional 3D Finite Element Methods (FEMs) can be computationally expensive. Accounting for interac-
tions between structural and microscopic scales would be an additional impediment to FEM implementation.
Furthermore, the ber distribution in a specimen cannot always be automated and may need user interven-
tion. The Generalized Finite Element Method (GFEM)[3, 10, 19, 23] is an alternative to FEM and can be
applied to a broad class of multi-scale problems, including the behavior of representative 3-D micro-scale
features such as bers.
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1.2 The Generalized Finite Element Method
1.2.1 Overview of GFEM
The following section gives a brief overview of the Generalized FEM, the basis of which will be used in the
analyses presented in this research project. The FEM shape functions [N ] are replaced by GFEM shape
functions i , built from the product of a Partition of Unity Finite Element Method (PUFEM) function
[3, 18] denoted by ' ( = 1 : : : N , N being the number of nodes in the nite element mesh), and a set of
enrichment functions Li.
i = 'Li; i 2 I () (1.1)
The partition of unity, in general, is provided by standard linear Lagrangian nite element shape functions
and the support, or cloud of ', denoted by !, is given by the union of the nite elements sharing node 
of the mesh. There is an inherent freedom to create these GFEM shape functions, as seen in Figure 1.1. The
solution space spanned by the GFEM, Li, becomes equivalent to standard FEM when polynomial functions
are used (Figures 1.1(a) ,1.1(b)). However, the main strength of GFEM lies in the usage of non-polynomial
or discontinuous functions, which might be used to represent the solution of the given problem, as shown in
Figure 1.1(c).
(a) Cubic enrichment functions in
1 direction.
(b) Quartic enrichment functions
in 1 direction.
(c) Singular, Non-polynomial
enrichment functions.
Figure 1.1: Examples of 2D GFEM shape functions. GFEM Shape functions denoted as i in the gures
are used in the place of FEM shape functions, [N ]. Source: [12, 20].
The nal component needed for the construction of the approximation space to be used in the GFEM is
the association of an m-dimensional local approximation space .
 = span

Li; 1  i  m; Li 2 H1(!)
	
(1.2)
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Summarizing, the trial space, or approximation space for the GFEM is given by:
SGFEM (
) 
NX
=1
' = span fi := 'Li; 1  i  m; 1    Ng (1.3)
The enrichment functions in  are usually derived analytically using the available information on the
function approximated locally in !. However, in many problems, like those that involve multi-scale phe-
nomena or material non-linearity, analytical derivation becomes dicult. This limitation may be overcome
by mesh renement, but brings back several of the drawbacks of FEM [5, 21]. These limitations are over-
come by using the so-called Global-Local enrichment functions. Section 1.2.2 describes the formulation of the
coarse-scale problem, or the Global problem. Section 1.2.3 describes the ne-scale or Local problem. Finally,
Section 1.2.4 describes the Global-Local shape functions used to bridge the two scales. A detailed description
of GFEM can be found in [3, 10, 19, 23].
1.2.2 Global Problem Formulation
Figure 1.2 depicts a domain 
  R3, in which a ber is embedded. Let 
b and 
mat denote the portions of
the domain within the ber and within the matrix, respectively. Sb denotes the interface between matrix
and the ber. For simplicity, the ber is assumed to be fully embedded in 
. Thus, Sb \ @
 = ;, where
@
 is the boundary of 
 The external surface of the ber is denoted by S+b, while the external surface of
the matrix facing the ber is denoted by S b. The boundary @
 is decomposed as @
 = S
u [ Sf with
Su \ Sf = ;. The equilibrium equations are given by:
r   = 0 in 
 (1.4)
The following boundary conditions are prescribed on @
:
  n = t on Sf , (1.5)
  n = (u  u) on Su (1.6)
where n is the outward unit normal vector to @
 and t are prescribed tractions. Equation 1.6 represents
a spring boundary condition [24] with  being the stiness of the springs, u and u are the displacements
imposed at the base of the spring system and at the boundary of the system, respectively. JuK = u   u is
used to represent the displacement jump across the ber-matrix interface, Sb. As a limiting case, Dirichlet
boundary conditions may be chosen for these spring boundary conditions [24].
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Figure 1.2: Described system, orientation of slip and tangential component of the tractions along the ber.
The tractions at the ber-matrix interfaces are denoted by:
  n+ = t+b on S+b   n  = t b on S b (1.7)
where n+ and n  are unit normal vectors and   n+ =    n  := tb. The weak formulation of the
problem described above is thus given by:
Find u 2 H1 (
), such that 8 v 2 H1(
)
Z


(u) : "(v)d
+ 
Z
Su
u  vdS +
Z
Sfib
tb(u)  JvK dS = Z
Sf
t  vdS + 
Z
Su
u  vdS (1.8)
where H1 (
) is a Hilbert space dened on 
. If a single crack surface Scra with front  front is assumed
to exist in 
, and the part of the crack surface with an active cohesive law in the Fracture Process Zone is
denoted by Scoh, Equation 1.8 becomes:
Z


(u) : "(v)d
+
Z
Su
uvdS+
Z
Scoh
tcra(u)JvK dS+Z
Sfib
tb(u)JvK dS = Z
Sf
tvdS+
Z
Su
uvdS (1.9)
Where  n+ =   n  := tcra. n+ and n- are unit normal vectors on sides S+coh and S+coh respectively,
of Scoh.
The ber reinforced composite is divided into three components: a matrix, the ber distribution, and the
ber-matrix interface. The matrix and the bers are assumed to have linear elastic constitutive relations:
mat = Cmat : "; b = Cb : " (1.10)
where Cmat and Cb denote the fourth order Hooke's tensor for the matrix and the ber, respectively.
In this research project it is assumed that a Linear Hookean spring law relates the tractions at the matrix-
ber interfaces, tb, with the displacement jump across the interfaces, JuK. This law is further discussed in
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Section 1.3.1. The crack faces are assumed to have no cohesion. In many applications, the diameter of the
bers is much smaller than their length. The integrals over the ber boundary can be reduced from surface
integrals over Sb or volume integrals over 
b to line integrals over a curve along the centroid of the ber
cross-section,  b, as shown in Equations 1.11 and 1.12.
Z
Sfib
tb(u)  JvK dS = Z
 fib
tb(u)  JvK 2Rds (1.11)
Z

fib
tb(u)  JvK dS = Z
 fib
tb(u)  JvKR2ds (1.12)
This idea was rst proposed in [22]. Equation 1.13 shows the reduced form of the domain integrals.
Z


"(v) : (u)d
 =
Z

mat
"(v) : Cmat : "(u)d
+
Z

fib
"(v) : Cb : "(u)d

=
Z


"(v) : Cmat : "(u)d
+
Z

fib
"(v) : (Cb  Cmat) : "(u)d

=
Z


"(v) : Cmat : "(u)d
+
Z
 fib
"(v) : (Cb  Cmat) : "(u)R2ds (1.13)
As seen in Equation 1.13, all contribution from bers to the Principle of Virtual Work statement (equation
1.8) can be computed with line integrals. This greatly facilitates modeling of a large number of bers, as is
usually found in such composites. Let utL denote a generalized FEM approximation of the problem dened
by Equation 1.8 at simulation step t. This approximation is the solution to the following problem:
Find utG 2 SGFEM;tG (
)  H1(
) such that, 8 vtG 2 SGFEM;tG (
),
Z


(utG) : "(v
t
G)d
+ 
Z
Su
utG  vtGdS +
Z
Sfib
tb(u
t
G) 
q
vtG
y
dS =
Z
Sf
t  vtGdS + 
Z
Su
utG  vtGdS (1.14)
where SGFEM;tG (
)  H1(
) is the generalized FEM space at simluation step t. The enrichment functions
in SGFEM;tG (
) are dened in local spaces and have to be computed using a ne scale problem, as dened
in Section 1.2.3. The mesh used to solve the problem described in Equation 1.14 is typically a coarse quasi-
uniform mesh, regardless of cracks or bers in the domain. Equation 1.14 leads to a system of non-linear
equations for the unknown degrees of freedom of utG.
1.2.3 Local Problem Formulation
The Global Problem described in Section 1.2.2 requires the solution of a ne-scale boundary value problem
dened at each cloud, f!gN=1 of the global mesh. Each cloud ! is taken as the domain 
L of a ne-scale
problem. Having the global approximation utG at a simulation step t, the ne scale problem is formulated
as follows:
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Find utL 2 SGFEM;tL (
L)  H1(
L) such that, 8 vtL 2 SGFEM;tL (
L),
Z

L
(utL) : "(v
t
L)d
+ 
Z
@
Ln(@
L\Su)
utL  vtLdS +
Z
Sfib\
L
tb(u
t
L) 
q
vtL
y
dS
=
Z
@
L\Sf
t  vtLdS + 
Z
@
L\Su
u  vtLdS + 
Z
@
Ln(@
L\@
)
utG  vtLdS
(1.15)
where SGFEM;tL (
L) is a discretization of H
1(
) using GFEM shape functions, described in Section
1.2.4. A key aspect of the local problem is the use of the coarse-scale solution at simulation step t, utG as
the boundary condition on @
Ln (@
L \ @
). Exact boundary conditions are prescribed on portions of @
L
that intersect either Su or Sf . This methodology enables selection of the most eective method for the
particular class of ne scale problem considered, which circumvents limitations of using standard FEM or
Boundary Element Methods to solve these ne scale problems.
1.2.4 The Generalized Finite Element Method with Global-Local enrichment
functions (GFEMgl)
In order to overcome the diculty of analytical derivation of enrichment functions based on a priori knowl-
edge of the behavior of the functions to be approximated, Global-Local enrichment functions are used. These
functions have the ability to represent ne-scale responses on coarse macro-scale nite element meshes and
to fully account for inter-scale interaction. The following section describes the bridging of the ne-scale and
coarse-scale models using GFEMgl shape functions.
The solution, utL of the ne-scale problem dened in Equation 1.15 of Section 1.2.3 is used to build gener-
alized FEM shape functions dened on the global mesh.
From Equation 1.1,
t+1i (x) := '(x)u
t
L(x) (1.16)
Here, the partition of unity function, ' is provided by a global FE mesh, and the local problem solution
utL is used to enrich the patch space (!). Henceforth, this solution is referred to as a global-local
enrichment function. The Global Problem is once again solved for ut+1G 2 SGFEM;t+1G (
), which is the
global GFEM space containing shape functions t+1i . This procedure is repeated at each time-step, t.
The GFEMgl proposed in Sections 1.2.2{1.2.4 is illustrated in Figure 1.3. Global-local enrichments add
only three degrees of freedom to nodes of the coarse global mesh when solving 3-D elastic problems. The
number of enrichments per global node does not depend on the number of degrees of freedom of ne-scale
problems, which are generally several thousands in number. Thus, highly adapted discretization capable of
capturing small-scale features of the solution can be used at ne-scale problems.
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(a) Example problem showing two bers crossing a static
crack in a 3D domain.
(b) Enrichment of the
nodes in the global
mesh that are in the
neighborhood of the
bers.
Figure 1.3: Model problem used to illustrate the main ideas of GFEMgl. The global solution provides
boundary conditions for ne-scale problems while their solutions are used as enrichment functions for the
coarse-scale problem through the partition of unity framework of the GFEM. In the proposed GFEMgl,
representative small-scale features like cracks and bers are not discretized in the global problem. Three
degrees of freedom are added to each of the highlighted nodes in Figure 1.3(b), irrespective of the number of
ne-scale features passing through a global nite element. Adapted from [15].
1.3 GFEM for Three-Dimensional Fibers
The Generalized Finite Element method described in Section 1.2 can be used to model a problem with
a large number of bers in any desired spatial distribution eciently and automatically. Unlike standard
FEM, the background mesh does not have to follow the material interfaces. It only provides the partition
of unity functions, '. Figure 1.4 schematically depicts this methodology. Sections 1.3.1 and 1.3.2 describe
the remaining components required to construct a system of equations to solve the local problem consisting
of the bers and the neighboring matrix elements, viz. the cohesive law that relates the tractions at the
matrix-ber interfaces and enrichment functions used to represent ber-matrix interfaces. Section 1.3.3
summarizes the equations of equilibrium and derives the nal system of equations for the local problem.
These are described in detail in Radtke et al. [22].
1.3.1 Constitutive Behavior of the Fiber-Matrix Interface
As discussed in Section 1.2, a Linear Elastic Hookean cohesive law is chosen for the analyses in this research
project. For more realistic simulation, one might determine cohesive parameters for ber-matrix interfaces
using physical push-in tests described in [11]. The constitutive relation for the ber-matrix bond in this
7
Figure 1.4: GFEM approximation of bers embedded in a continuum. Source: [22].
research project is given by:
tb =Db JuK (1.17)
where JuK is the displacement jump at the ber boundary, as dened in Section 1.2.2 andDb is the second
order elastic material tensor representing the ber-matrix bond, expressed in the global three dimensional
coordinate system. The bond law  is formulated in the local cylindrical coordinate system of the ber,
i.e., the tangential and normal directions to the longitudinal axis of the ber, and can be transformed to
and from the global coordinate system using a rotation matrix R. It is assumed that the bond stiness is
uncoupled in the normal and tangential directions.
Db,tn =
24kbt 0
0 kbn
35
Db = R
TDb,tnR (1.18)
where kbt and kbn are the tangential and normal bond stiness of the ber-matrix interface, respectively.
1.3.2 Selection of the Enrichment Function
The enrichment functions in  are chosen carefully to mimic the properties of the function to be approx-
imated locally in !. The enrichment should be able to represent the displacement jump discontinuity at
the ber-matrix interface. This is equivalent to representing a tunneling crack around the ber, as shown
in Figure 1.5(a). A fully debonded interface around a ber with nite thickness can be represented by two
step functions as shown in Figure 1.5(b). Since this research project focusses on thin bers, the enrichment
function chosen reduces to the function shown in Figure 1.5(c). The function should be discontinuous at the
ber boundary and constant otherwise.
Based on these conditions, the enrichment function chosen for this research is the same as those in Radtke
et al. [22]:
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Figure 1.5: Derivation of an enrichment function representing slip between ber and matrix: the two
enrichment functions describing an arbitrarily thick ber being pulled from a matrix (a) are reduced to an
enrichment function for thin bers (c). Note that the enrichment functions in (b) describe the relative
displacement of either sides of the ber with respect to the matrix while in (c) the enrichment function
relates to ber slip. Source: [22].
 =
8<: 1 for  b0 otherwise (1.19)
1.3.3 Approximation and Spatial Discretization of the Solution Field
So far, an alternative to the standard Finite Element Method, known as the Generalized Finite Element
Method, has been presented. By employing the so-called Global-Local enrichments, a cost eective and
versatile method for the analysis of a matrix with large number of arbitrarily distributed bers is developed.
The methodology is capable of capturing the eects of both ne-scale and coarse-scale phenomena without
the need for explicit meshing of ne-scale properties on the nite element matrix itself. This section makes
use of the components described in Section 1.2 to develop the nal system of linear equations for the local
problem. The displacement eld is assumed to be discontinuous at the ber boundary, as described in
Section 1.3.2. The displacement eld is enhanced by the presence of a discontinuous enrichment representing
the action of the ber on the surrounding material. The total displacement eld, u = utL is hence given by:
u = u^+ ~u (1.20)
where  is the discontinuous enrichment function described in Section 1.3.2. u^ and ~u are both continuous
functions over the domain, 
. The virtual displacement eld, u = vtL can be represented in a similar way.
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u = u^+ ~u (1.21)
Hence, the strain tensor " can be written as:
" = rsu = rsu^+ (r 
 ~u)s + rs~u (1.22)
where rsu is the symmetric gradient of u. Since the derivative at the ber-matrix interface does not
exist due to the displacement eld discontinuity, and since the enrichment is constant at all other points in

, the term (r 
 ~u)s vanishes. Equation 1.22 reduces to:
" = rsu = rsu^+ rs~u (1.23)
In addition, the displacement jump at the ber matrix interface, JuK is expressed as:
JuK = u fib+   u fib{ =  fib+ ~u fib+    fib{ ~u fib{ (1.24)
when the displacements are evaluated at  b+ and  b{, locations innitesimally close to  b, approach-
ing it from inside and outside the ber domain, 
b and 
mat respectively. The regular displacement eld
u^, being continuous, gets eliminated.
Based on the enrichment functions chosen, the equilibrium equations governing the two domains, 
 =

mat [ 
b, reduce to the following equations:
Z
Sf
u^  td t   db
Z
 fib
rsu^ :Db : rsu^d b
 
Z


rsu^ :Dmat : rsu^d
  db
Z
 fib
rsu^ :Db : rs~ud b = 0
(1.25)
Z
 fib+
~u Db  ~ud b+   db
Z
 fib
rs~u :Db : rsu^d b
  db
Z
 fib
rs~u :Db : rs~ud b = 0
(1.26)
Dmat = Cmat and Db = Cb are the fourth order elastic tensors described in Section 1.2.2. Equations
1.25 and 1.26 are the nal equations of equilibrium that will be spatially discretized to get the system of
equations for the system. The displacement eld described in Equation 1.21 can be approximated as:
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uh =
NX
i=1
'i [ai + bi] (1.27)
where uh denotes the approximation of the displacement eld, u. 'i and N are standard linear nite
element method shape functions dened on a background mesh and the number of global nodes, respectively.
ai represents the original nodal degrees of freedom of the global system, while bi represents the corresponding
additional degrees of freedom added due to enrichment. The virtual displacement eld may be discretized in
a similar fashion. The displacement eld and the corresponding symmetric gradient eld can be formulated
similar to standard FEM.
uh = [N  a+ N  b] (1.28)
rsuh = [B  a+ B  b] (1.29)
N is a matrix that consists of the shape functions and B is the strain displacement matrix. Equation
1.30 is the assembled matrix form of the system of equations obtained by substituting the discretized eld
equations into Equations 1.25 and 1.26. This system is for a single ber.
266666666664
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24a
b
35 =
24R tNT td 
0
35 (1.30)
In short, Equation 1.30 can be written as:
24Kaa Kab
Kba Kbb
35 24a
b
35 =
24fext
0
35 (1.31)
The solution to the case with several bers embedded in a single element is a straightforward extension,
as is described in Radtke et al. [22].
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1.4 Objectives and Outline
The main objective of this research project is to develop an accurate and ecient computational methodology
to capture the behavior of a homogeneous linear-elastic and isotropic domain with embedded bers. The
rst step is the verication of the GFEMgl solution against that of an explicit FEM model using Abaqus.
Next, the eect of variation of physical properties that aect the mechanical behavior of a typical specimen
is studied. Finally, the limitations of traditional FEM which are overcome by this methodology are drawn
out as a part of the conclusion of this research.
The methodology developed in this research is intended to serve as a foundation for the development of a
multi-scale method capable of modelling and simulating the initiation and growth of material level damage,
leading to a further understanding of the damage mechanism. Such a model would impact several industries
by providing the ability to simulate multi-scale phenomena and, in particular, to understand the behavior
of a broad range of advanced materials.
Section 2.1 gives a brief outline of the implementation of the GFEMgl described in Section 1.2. The
eect of variation of the geometric properties of a single ber embedded in a continuum, such as the length,
orientation with respect to the axis of loading, and the number of bers embedded is studied and veried
against explicit Abaqus/CAE nite element models in Section 2.2. These examples serve two purposees:
the rst to demonstrate the accuracy of the GFEMgl model, and second to highlight the limitations of the
usage of standard FEM to solve the examples. Finally, Section 2.3 describes an application of the GFEMgl
for bers to Crack-Bridging, an important concept in the design of advanced composite materials.
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Chapter 2
Implementation and Verication
2.1 Implementation of the Method
The actual Finite Element implementation is performed using the Illinois Scientic and Engineering Toolkit
(ISET ), a numeric implementation of the Generalized Finite Element Method. ISET is a research code cur-
rently under development by a research team under the supervision and guidance of its creator, Professor C.
Armando Duarte from the Department of Civil and Environmental Engineering at the University of Illinois
at Urbana-Champaign. The implementation of this research project is facilitated by its highly modularized
and object oriented architecture.
As a part of this research project, ISET was augmented to implement a steady-state, linear elastic solver
for bers embedded in a background mesh. For the purpose of verication, bers are idealized as two noded
truss elements. The GFEMgl implementation makes use of an existing framework of four noded linear
tetrahedrons as background mesh elements. Only linear elastic, isotropic materials are considered in this
research. Existing features of ISET, such as Neumann, Dirichlet and Mixed boundary conditions provide
the exibility to choose appropriate cohesive laws at the ber-matrix interface.
The GFEMgl model described in the previous sections requires the knowledge of the matrix elements
that are in the neighborhood of the bers, for the assignment of enrichment functions, as shown in Figure
1.3(b). In addition, the exact intersection with each background element is also required to integrate func-
tions that have discontinuous derivatives across element boundaries, such as the shape functions of these
matrix elements. This gives rise to the need for an ecient three-dimensional intersection calculation algo-
rithm, capable of handling the typically large number of bers that might intersect a given mesh.
One of the salient features of the code used in this research is that it is fully three-dimensional in
nature. With a large number of arbitrarily positioned bers in a continuum discretized with nite elements,
traditional algorithms based on a single two-dimensional planar projection of the bers and the mesh fail
to accurately model damage and behavioral mechanisms, as shown in Figure 2.1. Though multiple planar
projections would improve accuracy of projection algorithms, it would be at the cost of performance. These
limitations are overcome by implementing an Axis-Aligned Bounding-Box tree (AABB-tree) intersection
algorithm, using the Computational Geometry Algorithms Library (CGAL, [8]) to spatially discretize bers
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(a) A simple situation in which a single 2D projection fails to capture the behavior of two
bers.
(b) An example with 300 arbi-
trarily distributed bers. Source:
[22].
Figure 2.1: Two Dimensional projection-based algorithms will not be able to capture the behavior of a large
number of arbitrarily distributed bers in a background mesh without one or more additional projections.
eciently and irrespective of their distribution. Figure 2.2 shows an example of the construction of an AABB
tree for the intersection algorithm. Additional features include an ecient and user-friendly mapping system
that facilitates the detailed study of regions of interest, and the unique characterization and exibility to
handle bers with possibly dierent constitutive properties.
Figure 2.2: AABB tree: Left: surface triangle mesh of a mechanical part. Right: AABB tree constructed
(Source: CGAL [8]).
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2.2 Variation of Geometric Properties
The geometric properties of the bers embedded in the background mesh play a vital role in the behavioral
mechanism of the composite under consideration. In many cases, the shape, orientation and size of these
bers are manually chosen to produce specic structural responses. Section 2.2.2 studies the eect of variation
of the length of a single ber embedded in a background mesh. The eect of change in the orientation of
the ber with respect to the axis of loading is considered in Section 2.2.3. The study of geometric variation
is concluded with a study of the response of the system to an increasing number of bers embedded in the
system (Section 2.2.4). These three sections make use of the mesh dened in Section 2.2.1. In order to
demonstrate the accuracy of the formulation, specic cases in each model under analysis is compared to
results from explicit Abaqus/CAE Finite Element models. The explicit models make use of slightly dierent
meshes than those used by the GFEM, since standard Finite Element models require the nodes of the bers
to coincide with the background mesh. The exibility of the ISET code will be demonstrated in Sections 2.2
and 2.3, where the bers do not coincide with the background mesh nodes.
(a) Finite Element Mesh subjected to uniax-
ial loading.
(b) Finite Element Mesh used in
Abaqus with two layers of elements in
the Z direction, instead of the single
layer used in GFEM.
(c) Intersections with a single ber
embedded in the sample mesh.
Figure 2.3: Setup for analyses in Section 2.2. Figure (a) shows the mesh used by ISET and Figure (b) shows
the corresponding mesh used by Abaqus. The intersections between the mesh and a single ber embedded in
it are depicted as red and orange dots in Figure (c). The red nodes coincide with nodes of elements in the
Abaqus mesh, and are assigned spring boundary conditions to represent the ber-matrix bond.
2.2.1 Mesh Denition
Figure 2.3(a) depicts the sample Finite element mesh used by ISET in the GFEM analyses presented in
Section 2.2. The sample is 220:25mm in dimension and is discretized using linear four noded tetrahedral
elements. The left, bottom and hind faces of the mesh are constrained against translation along the X, Y
and Z directions respectively, and traction is applied to the top surface to simulate uniaxial loading. Due to
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the nodal requirements of the Abaqus mesh, two layers of elements, with thickness 0:125mm each are used
instead of the single 0:25mm layer used for the GFEM mesh, as shown in Figure 2.3(b). In addition, the
bond stiness has to be lumped as spring boundary conditions at the nodes coinciding with the end points of
the ber as is depicted in Figure 2.3(c). The limiting cases in each of the analyses described in the following
sections are compared against Abaqus models to verify the accuracy of the GFEM model.
2.2.2 Variation of the Length of the Fiber
The setup described in Section 2.2.1 is used in this context to study the response of a specimen to the variation
of the length of a ber embedded longitudinally along the direction of the axial traction on the specimen. The
length of the ber is varied from 0mm (no ber) to 2mm (equal to the length of the specimen), maintaining
a cross-sectional area of 0:05mm2. The cases with lengths 0mm and 2mm are compared to results from
explicit Abaqus/CAE models, which were described in Section 2.2.1. A Young's modulus, E = 2 105MPa
and a Poisson's ratio,  = 0:3 is chosen for the background mesh. The elastic properties of the ber are set
to E = 5  106MPa and  = 0:2. The stiness of the ber-matrix interface in the tangential and normal
directions to the axis of the ber is set to kbt = 5 104MPa and kbn = 5 106MPa, respectively.
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Figure 2.4: Response of a continuum with an embedded ber of varying length to an applied uniaxial
traction.
Figure 2.4 shows the displacement of the top face of the specimen plotted against the applied traction. It
is observed that the increase in the length of the embedded ber leads to a stiening of the response. The
case with a ber embedded along the entire length of the specimen is observed to have a large variation in
the edge displacement. Figures 2.5 and 2.6 illustrate this variation, and demonstrate the consistency of the
displacement values obtained at the center of the top face (where the inuence of the ber is observed to be
the highest) and at the remote edges (zones of least inuence) against corresponding values from the Abaqus
model.
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Figure 2.5: The vertical displacement contour plotted on the deformed conguration for a 2mm long ber
embedded along the direction of axial traction. The zone inuenced by the ber shows the expected reduction
in vertical displacement, when compared to regions remote from the zone. The solution cubes shown in the
image are a result of a dicing algorithm to interpolate the values of the displacement at various points on the
mesh by ISET and do not contribute to the analysis itself.
The dierence in the values obtained from GFEM and Abaqus is attributed to the two dierent meshes
used for the two methods of analysis. Figure 2.7 illustrates a convergence test in which the two meshes are
rened to get tetrahedral elements approximately 0:125mm in size. These rened meshes are then used to
solve the problem with a 2mm ber embedded in the mesh.
The reduction in the dierence in solution from the two methods conrms that the GFEM model for
bers may be used as a substitute for standard FEM. The advantage of GFEM can be clearly seen in this
section, as it does away with the need to explicitly prescribe spring boundary conditions at individual nodes
of the mesh. The renement of the GFEM mesh is achieved by ISET using a previously developed tetrahedral
bisection method described in [2, 5].
2.2.3 Variation of the Fiber Orientation
Using the same background mesh and constitutive properties dened in Section 2.2.1, the inuence of the ber
orientation within the composite specimen on its response is studied. Only certain cases can be compared
against an Abaqus model due to the nodal conformity requirement of standard FEM mentioned in Section
2.2.1. To permit at least a single comparison against an Abaqus model, the length of the ber is taken as
1:4142mm, so that the nodes of a ber oriented at 45 degrees with respect to the axis of loading overlap
with the background mesh. Figure 2.8 shows the response of the system with ber orientations in increments
of 15 degrees with respect to the axis of loading. The smooth transition of the response between the two
extremes, viz. the longitudinal and lateral orientation of the bers, while matching the results within an
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Figure 2.6: Comparison of Nodal displacements at the top edge for an edge traction of 100N=mm2.
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Figure 2.7: Test of Convergence of standard FEM and GFEM solutions for various levels of renement,
expressed in terms of the average mesh element size.
acceptable error tolerance with Abaqus in the 45 degree orientation case demonstrates the independence of
the GFEM model from the nodal constraints that limit standard FEM implementations.
2.2.4 Increment of the Number of Fibers Embedded in the Matrix
In the analyses thus far, only a single ber has been considered to be embedded in the background mesh.
The limitations of a traditional FEM approach have already been demonstrated in Sections 2.2.2 and 2.2.3.
Most ber reinforced composites have several thousand such bers embedded in them. This section focusses
on the eect of increasing the number of bers present in a given sample. The matrix, each ber and each
ber-matrix interface make use of the same constitutive properties mentioned in Section 2.2.1. Figure 2.9(a)
shows an example distribution and the corresponding deformed conguration of a specimen in which several
bers are embedded in the longitudinal direction of the mesh.
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Figure 2.8: Response of the specimen to variation of the orientation of the embedded ber (in degrees).
The smooth transition from one orientation to the other is due to the non-dependence of GFEM on the
background mesh.
In order to further demonstrate the advantage of this method over traditional FEM, none of the bers
coincide with nodes of the background mesh. Fibers are added in pairs, symmetrically placed about the
longitudinal centroidal axis of the specimen to prevent eccentric loading or responses. The deformation
contour shown in Figure 2.9(b) is the corresponding response of the system. Distinct zones of inuence of
the bers can be discerned from the displacement contour shown. As shown in Figure 2.9(c), the response
of the system is highly dependent on the distribution and number of the bers in the system.
Section 2.2 was aimed at demonstrating the computational versatility and robustness of the Generalized
Finite Element Method used in the context of Fiber reinforced composites. Reference values obtained from
explicit FE models were used to verify the GFEM for bers. A large number of bers and ber distributions
can be modeled eciently and accurately, without the need for explicit remeshing, or the assignment of
boundary conditions on the background mesh to accommodate the nodes and interaction with the bers.
An important feature of this implementation is the fact that there is no homogenization involved: the bers
are modeled individually and no assumptions are made to approximate their distribution. This exibility
leads to the possibility of independent mesh renement and polynomial enrichment at each ne-scale problem,
a key step in the parallelization of this implementation.
The nal section of this Chapter focusses on the application of the developed model to Crack Bridging,
a mechanism used by Ceramic Matrix composites to resist crack growth and prevent material failure.
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(a) Example problem showing multiple bers
crossing a static crack in a 3D domain.
(b) Deformed vertical displacement contour, showing the sti-
ening of the response at the zones of inuence of the ber.
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(c) Response of the system shown in Figure 2.9(b) to the
variation of the number of bers embedded in the system.
Figure 2.9: Model problem used to analyze the change in response of the system due to the addition of
multiple bers. Figure (a) shows the undeformed conguration with one of the ber distributions used in the
analysis described in Section 2.2.4. Figure (b) shows the corresponding Deformed displacement contour. The
zones inuenced by the presence of bers are displaced to a lower extent. Figure (c) depicts the response of
the system to an increasing number of bers oriented along the axis of loading. The response is shown to be
highly dependent on distribution of bers in the matrix.
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2.3 Crack Bridging, an application of the GFEM for bers
Many advanced materials like CMCs rely on Crack Bridging mechanisms to hold cracks together and resist
crack growth. These cracks, situated between reinforcing bers or layers, generally are of the order of
micrometers, and need only overcome the cracking resistance of the matrix for initial propagation. However,
once the crack has propagated around the bers, the ber can hold the crack together and increase crack
propagation resistance. This rising fracture or fatigue resistance is known as a rising R-curve and is seen
across a wide range of composites and other advanced materials (Figure 2.11).
This section portrays Crack Bridging by employing the GFEM developed in this research to model the
reinforcement layers across a crack present in a specimen domain.
The model consists of the 2 2 0:25mm mesh described in Section 2.2.1, with the crack being geomet-
rically modeled by using spatially overlapping \double" nodes, as shown in Figure 2.12. In order to clearly
observe the reduction in crack size due to the bridging action of the ber, the elements neighboring the
crack fronts are rened using the bisection algorithm mentioned in Section 2.2.2. It is assumed that crack is
modeled post-matrix failure, i.e., No cohesive laws inuence the crack faces. Figure 2.10 depicts the response
of the system (viz., the mid-crack opening displacement) against an externally applied axial load, for two
cases: with and without a ber embedded in the specimen. It is observed that the response of the reinforced
specimen is less than that of the other (Figure 2.13).
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Figure 2.11: R-curve and failure mechanism in CMCs. Crack bridging by reinforcing bers or layers stops
the growth of cracks that lead to material failure. Cracking resistance is the least at crack initiation, increases
as the reinforcing layers hold the crack together and then saturates as the reinforcement begins to fail. Source:
[17].
Figure 2.12: Model used to simulate crack bridging using GFEMgl. The crack is represented by spatially
overlapping \double nodes" in the highlighted area. It is assumed to be in a post-matrix failure state, i.e., no
cohesive forces act on the faces of the crack.
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(a) Deformed conguration of the specimen without an Em-
bedded ber.
(b) Deformed conguration of the specimen with an Em-
bedded ber.
Figure 2.13: Model problem used to illustrate Crack Bridging. Tractions are applied on the surface of the
cracks instead of the remote boundary to demonstrate the exibility in assignment of boundary conditions
to the GFEM model. The specimen with the embedded ber clearly has a much smaller crack opening
displacement than the unreinforced specimen.
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Chapter 3
Conclusions
The behavior and performance of ber reinforced composites are driven by complex micro-scale interac-
tions and defect evolution mechanisms, which eventually interact with the global response of the system to
evolve into macroscopic defects or damage modes. The three dimensional modelling of damage evolution and
multi-scale interactions in composite materials would require the meshing of 3D representative micro-scale
features, such as bers and other inclusions, while simultaneously accounting for multi-scale interactions.
This would pose a challenge to traditional Finite Element Methods.
The Generalized Finite Element method, discussed in Chapter 1.2, can be applied to a broad class of
multi-scale problems of engineering relevance. It is used in this context with global-local enrichment func-
tions (Section 1.2.4) to bridge structural scale and micro-scale mechanisms. An easily generated coarse-scale
nite element mesh might be used to represent structural scale phenomena, without the necessity to follow
material interfaces, while ne-scale phenomena can be solved without having to conform to the nodes of the
coarse mesh. In addition, the number of additional degrees of freedom per global node is nite irrespective
of the number of micro-scale features it has to support, avoiding prohibitively high storage and computation
costs. The use of the AABB tree intersection algorithm greatly facilitated the calculation of a large number
of 3D intersections between the ber distribution and the coarse nite element mesh, as is required by the
GFEM implementation (Section 2.1). Thus, the analysis of a system with a large number of arbitrarily
distributed bers can be performed at the fraction of the cost and complexity of traditional FEM.
Several linear elastic problems were considered in Section 2.2 to study the inuence of ber distributions
on the mechanical properties of the system. These results were substantiated by explicit Finite Element
models built using Abaqus. In addition, the limitations of traditional FEM approaches, viz., the need for
nodal conformity of the micro-scale features with the matrix, and the need to mesh micro-scale features are
accentuated.
While this research is limited to a steady-state linear elastic analysis, the fact that the described GFEMgl
involves the independent solution of a ne-scale boundary value problem at each cloud ! of the global do-
main streamlines the implementation of a parallel solver for such problems. The investigation of the intrinsic
parallelism of this method, and of its eciency, would be the way forward.
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